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Abstract. The modeling and analysis of drinking behavior in a population are addressed through a
nonlinear mathematical system. Solutions are obtained by utilizing the Genocchi wavelet technique,
and a detailed theoretical exploration of error bounds, convergence, existence, and uniqueness, as
well as boundedness of the outcomes, is provided. The accuracy of the proposed Genocchi wavelet
technique is demonstrated through an absolute error analysis by comparing its results, as well as those
obtained via the Adams-Bashforth-Moulton method, with previously published solutions. Numerical
simulations, including tabular results and graphical illustrations for different fractional orders, highlight
the effectiveness of the proposed approach. Three-dimensional visualizations are employed to examine
the influence of fractional-order variations on the system dynamics. Furthermore, alcohol consumption
data from Brunei over the period 2000-2020 are analyzed to support the practical relevance of the
model.
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1. Introduction

Fractional calculus (FC) can be seen as both an ancient as well as emerging field. It is
considered ancient due to its origins in the thoughts of G.W. Leibniz in 1697 as well as L.
Euler in 1730, with continuous development up to the present. However, its emergence as a
novel subject has been recognized only since the 1970s, when FC began to be addressed through
specialized conferences and treatises. The initial conference exclusively for FC was organized
under the coordination of B. Ross in 1974 at the University of New Haven. Later, a growing
number of books and journals on fractional calculus and its applications have been produced, a
trend expected to continue in the future. FC enables derivatives as well as integrals of any non
negative real order. The term ’fractional’ is maintained due to historical context. The field of
fractional calculus has gained significant attention over the past three decades, with substantial
contributions made by scientists through the introduction of various fractional operators. The
importance of FC continues to grow, as evidenced by its expanding range of applications
and ongoing research advancements. More realistic results are provided by modern calculus
compared to classical approaches. Numerous research articles, books, and monographs have
been published and exploring this area. The dynamics of real-world phenomena have been
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systematically investigated using arbitrary-order approaches for classical differentiation and
integration models. It was found that fractional-order models accurately described both the
passion fruit seed drying process and lipid extraction kinetics. Super diffusion (o > 1) was
observed during drying, while sub diffusion (o < 1) was identified during lipid extraction,
indicating deviation from Fick’s law in [34]. A variable non integer order rheological framework
has been introduced to explain the development of mechanical characteristics and stress-strain
behavior in rock while the flow of plastic. This model is defined by five parameters, is used
to capture the hardening and softening effects of rock under varying confining pressures and
provides a smooth function of plastic strain is enabled in [20]. The fractional order kinetic
model is presented for estimating the highest methane yield as well as degradation kinetics
in bio-methane potential assays, demonstrating superior performance over first-order models
in capturing methane production complexities and managing substrate heterogeneity. Its
effectiveness is shown across various digestion scenarios, with computations simplified for
fractional orders above 0.8 is mentioned in [11]. The Hepatitis model is reformulated from
integer to non integer order in the sense of Caputo derivative as well as the Katugampola
derivative is introduced and analyzed. Solutions are derived using homotopy perturbation
transform method in [17]. The fractional-order HIV framework is represented by utilizing the
Atangana-Baleanu (AB) operator, emphasizing its significance in biological science. Solutions
are analyzed for varying fractional orders using the numerical techniques, including the Adams-
Bashforth and Euler methods. The distinctiveness of the outcomes is demonstrated through
the Banach fixed point theorem in [36]. A predator-prey system with two prey species is
modeled using a two step non integer order Adams-Bashforth technique based on the AB
operator in the sense of Caputo. The dynamics of the system are analyzed locally and the
distinctiveness as well as the uniqueness of outcomes are established by utilizing the fixed point
theorem. The convergence of the scheme is verified and the dynamic wave phenomena are
demonstrated numerically for varying fractional induces, providing ecological insights in [28].

The drinking behavior model has been extensively studied to understand the dynamics
of alcohol consumption patterns within a population. An important factor to consider when
studying alcohol drinking is the inclination of certain people to gently raise their alcohol intake
under stressful or depressive conditions, independent of social influences. The proposed model
uses a simplified three compartment framework to examine the impact of public interactions
on drinking behavior. It assumes that mobility between compartments depends on the popu-
lations of both the source and destination compartments, except for a competing spontaneous
probability driving transitions from moderate to risk consumption. The model follows an
epidemic-like structure, with transitions governed by probabilities under the assumption of
homogeneous mixing a entirely connected people of N individuals. The individuals is catego-
rized into three groups:
S : Non consumers who have either never consumed alcohol or have quit. These individuals
are susceptible to becoming alcohol consumers, either for the initial stage or by relapsing.
M : Non risk consumers who engage in regular low-level alcohol consumption, referred to as
moderate consumers.
R : Risk drinkers characterized by systematic high level alcohol drinkers, mentioned as risk
drinkers.

In our framework, ’b’ symbolizes the probability of a Moderate or risk drinker influencing
a susceptible individual to become a drinker. Similarly, ’s’ denotes the probability of risk
drinkers turning moderate drinkers into risk drinkers via social interaction. The transition of
moderate drinker into risk drinker can also occur spontaneously, with probability 'a’ repre-
senting self induced progression due to factors like stress or depression, independent of social
interaction. The recovery probability 'v’ reflects the impact of non drinkers in helping risk
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alcohol consumers to quit drinking. Transitions from risk drinker into moderate drinker are
considered negligible in this model, as excessive drinkers are assumed unlikely to revert to
moderate drinking through interaction with moderate drinker individuals, while susceptible
individuals exert greater influence to cease drinking [10].

dfiif) — B(S(OM(1)) — b(S(OR()) + v(SE)R(V)),
d]\jt(t) =b(SHM®) +b(S(H)R(t)) — s(M(t)R(t)) — a(M(t)),
d]fz?) = a(M(t) + s(M(H)R(t)) — v(SH)R(L)).

S(0) =0.99 =Z; M(0)=0.01=.7; R0)=0=8§

Using the Caputo fractional derivative in the drinking behavior model enhances its abil-
ity to capture memory effects and cumulative influences, essential in modeling addiction and
recovery. Fractional-order models provide smoother transitions and better reflect real-world
dynamics compared to integer-order models. This approach enables a more accurate depiction
of phase transitions and coexistence of sub populations. Additionally, it broadens the model’s
applicability to studies involving delayed interventions and complex social interactions. Over-
all, it enriches the model’s predictive power and realism.

°DeS(t) = —b(S
cDIM(t) = b(S(t
SDER(t) = a(M(t)) +

During the 1980s, wavelet analysis emerged as a powerful tool with remarkable implemen-
tations in picture processing, processing of signals and various fields of research. Wavelets are
defined as unique oscillatory behavior functions with compact help as well as the capability
to convey the functions at different phases of resolution. In recent years, numerous wavelet
techniques have been developed for enabling the solution of a vast areas of fractional differ-
ential equations (FDEs) as well as fractional integro differential equations (FIDEs). Their
versatility has been demonstrated through widespread applications across diverse scientific
and engineering disciplines. In particular, wavelet bases have been widely utilized for nu-
merically solving complex problems. The [18] presents an efficient Haar wavelet method to
solve Fisher’s equation, a key reaction diffusion equation with results characterized by steep
propagating fronts at high reaction rates. The global impact of communicable disease like
Herpes, Rubella, Chagas, Hepatitis B and AIDS is addressed, with their transmission and
economic burden noted. A non integer order SEIR framework with a variable population is
used and a Haar wavelet-based numerical method is proposed for efficiency and accuracy [31].
The spread of computer viruses in vulnerable networks and their mitigation using kill signal
nodes are analyzed through a non integer order SIRA framework with Caputo operator. The
existence as well as the uniqueness of the results are established by utilizing fixed point the-
ories of Schauder and Banach. A numerical algorithm, based on Broyden’s technique as well
as the Haar collocations technique are developed in [41]. The chaotic behavior of atmospheric
systems is explored using the Bernoulli wavelet collocation technique, applied to a model that
analyzing greenhouse gases, temperature, and permafrost thaw. The Bernoulli wavelet (BW)
technique’s superiority as well as efficiency are highlighted through numerical results, com-
pared to techniques including forward Euler, Adam-Bashforth as well as fdel2 solvers in [2].
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The BW method is applied to three biological models: COVID-19, dengue fever, and tuber-
culosis. These three models, represented as systems of coupled differential equations. The
derived results are compared with other numerical techniques like Runge-Kutta as well as the
ND solvers. Improved accuracy as well as the convergence are demonstrated by the BW tech-
nique is in |25]. BW are used to solve fractional-order financial chaotic systems by converting
differential equations into algebraic ones. The system models the price indexes, interest rates,
and investment demand, accounting for memory and chaos. Stability, convergence, and resid-
ual errors are also analyzed, proving the BW method’s accuracy and effectiveness for financial
problem-solving in [5]. The properties of shifted Legendre polynomials are explored in the
paper and the new operational matrices based on them are developed. These matrices are
utilized to approximate the outcomes of coupled FDE systems with boundary conditions and
the problems are resolved to illustrate the accuracy of the shifted Legendre wavelet technique.
The technique is computer-based and it is implemented in MATLAB are presented in [21].
An iterative spectral method for solving Lane-Emden (LE) equations is presented, using an
extended Legendre wavelet. The Gauss-Legendre collection points are collected. Using this
strategy, the differential non linear equations is transforms into a set of algebraic non linear
equations. By resolving the obtained algebraic non linear equations, an approximate out-
comes for the LE equation is executed in [14]. A numerical technique built upon Chebyshev
wavelets is developed for solving FDEs. The operational matrix for fractional derivatives is
also derived, simplifying the problem into algebraic equations, as demonstrated by illustrative
examples in [6]. Numerical algorithms are developed using tau and collocation methods to
solve higher order singular equations, particularly of the Emden Fowler type, through the use
of refined Chebyshev polynomials of the third type. Convergence is analyzed, and examples
are provided to demonstrate the accuracy as well as efficiency discussed in [1].

The wavelet method shows rapid convergence with a high convergence rate, while ABM
method needs more iterations to achieve convergence, and it allows simultaneous time-frequency
analysis. Genocchi wavelets are derived using Genocchi polynomials and are employed for
solving differential equations and signal processing problems. The Genocchi wavelets exhibit
numerous advantageous properties over a defined interval. Notably, the coefficients of the
factors in Genocchi polynomials are distinctively whole numbers, ensuring the elimination
of computational errors. In contrast, the coefficients of factors in many other polynomials
like the Legendre polynomials as well as the Bernoulli polynomials do not represent integer
values. This characteristic highlights the superiority of Genocchi polynomials over Bernoulli
polynomials. Furthermore, it is observed that the factors in Genocchi polynomials are fewer
compared to those in other polynomials. For instance, the Genocchi polynomial Gg(t) con-
sists of four factors, while the Bernoulli polynomial Bg(t) contains five factors. Similarly, the
shifted Chebyshev polynomial Tg(t) as well as the shifted Legendre polynomial Lg(t) each
include seven terms. Consequently, less CPU time is required when approximating a function
using Genocchi polynomials compared to Bernoulli, shifted Chebyshev, or shifted Legendre
polynomials in [33].

The Adams-Bashforth-Moulton (ABM) technique is recognized as a predictor-corrector
technique applied numerically to solve ordinary differential equations (ODEs). The explicit
Adams-Bashforth technique (AB) is combined with the implicit Adams-Moulton technique
(AM). This approach is designed to enhance accuracy and stability of the systems. A new
numerical technique built up on Genocchi wavelets has been introduced for resolving the ar-
bitary order SEIR measles framework using the Caputo derivative. The problem is simplified
into algebraic non linear equations through the combination of an operational matrix and the
collocation method. The solutions are compared with the ABM scheme to evaluate accuracy.
Graphical results, along with error and convergence analyses, are provided to validate the
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method’s effectiveness in modeling disease dynamics in [24]. The [30] focuses on the solution
of differential Riccati equations using AB and AM methods. Solutions are explicitly computed
using AB, while algebraic Riccati equations are solved in AM through Newton’s technique.
Nine different algorithms are being evaluated to solve the problem, including Sylvester, GM-
RES, fixed-point, and combined methods, allowing a flexible and efficient approach to be
applied depending on the problem’s requirements. The multiplicative version of ABM al-
gorithms is proposed for the approximate outcomes of multiplicative differential equations.
The truncation error approximation is discussed for these numerical algorithms. The stability
characteristics of these techniques are also examined by utilizing the standard test equation
in [27]. A new spectral-time fractional ABM method is proposed for solving fractional partial
differential equations, with spectral techniques. The stability as well as the spectral accuracy
of the method are demonstrated through analysis and examples in [38]. Wireless sensor net-
works are widely used for tasks such as monitoring and surveillance, with efficiency enhanced
by information prediction schemes. The ABM algorithm is proposed to improve prediction
accuracy when compared to the Milne Simpson scheme in [19]. Methods for solving FDEs and
approximating Caputo fractional derivatives are introduced using reproducing kernel Hilbert
spaces (RKHSs), including a Mittag-Leffler. A modified ABM method is also proposed for
these tasks [35]. The Lotka-Volterra model is solved using the spectral method with shifted
Chebyshev polynomials and the ABM method. A comparison between the two approaches
is conducted, highlighting efficiency of the results in two case studies are represented in [16].
A new three-step trigonometrically fitted ABM predictor-corrector method is introduced, uti-
lizing a third-order predictor and a third-order corrector. Its efficiency in solving first-order
periodic initial value problems is demonstrated through numerical experiments in [32]. The
precise numerical integration of the Moon’s motion, modeled as a delay differential equation
(DDE) due to tidal forces is addressed. Forward integration of DDEs is well-established,
while backward integration transforms the problem into an advanced differential equation. A
modified ABM method is explored for integrating the Moon’s DDE in both time directions is
showcased in [3]. The SIR model for simulating COVID-19 in Malaysia is analyzed using the
Caputo derivative applied and solved through the ABM method. The results are validated
using the Runge-Kutta method, and fractional derivative orders above 0.5 are shown to be
reliable in [4].

The dynamics of drinking behavior within a population are considered as vital for the de-
velopment of effective public health interventions and policies. These dynamics are influenced
by psychological stressors and recovery mechanisms are required to be modeled and analyzed
using advanced mathematical tools for greater accuracy. By employing fractional derivatives
in the sense of Caputo is a more realistic and nuanced representation of addiction and recovery
dynamics in a long term behavioral trends. The Genocchi wavelet method is utilized in this
work is an innovative approach for solving the fractional order drinking behavior model. The
outcomes of this research are offering future researchers a robust methodology for extending
fractional order modeling to other behavioral, ecological systems, epidemiology, environmental
modeling and social economic analyses. Additionally, the reliability of the Genocchi wavelet
approach are validated through a comparative analysis with the Adams Bashforth Moulton
method setting a benchmark for future studies.

The novelty of the work is the previously published integer-order system has been refor-
mulated into a fractional-order model to account for memory effects and achieve improved
computational accuracy. The resulting system has been solved using an advanced numerical
approach based on the GW method. Enhanced accuracy has been observed in the results, and
the superior performance of the GW method has been confirmed through comparison with
existing numerical techniques.
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The paper begins with an introduction, where the basics of fractional calculus, the drinking
behavior model, the Genocchi wavelet method, and the ABM technique are discussed, along
with the motivation for the study. In Section 2, the Preliminaries of FC are provided, including
definitions of fractional integral and derivative in the Riemann-Liouville and Caputo senses.
In Section 3, the Genocchi Wavelet is introduced, with its properties and constructed using
Genocchi polynomials. The Genocchi wavelet operational matrix is developed in Section 4,
using block pulse functions is described. In Section 5, an Error and convergence analysis is
presented, including error bounds and proof of uniform convergence. In the Sections 6 and 7,
the existence and uniqueness and boundedness of solutions are established. The application
of the Genocchi wavelet method to solve the drinking behavior model is carried out in Section
8, and in Section 9, the ABM technique is applied for comparative analysis. A Numerical
Discussion is presented in Section 10, with graphical results, comparisons across fractional
orders, error analysis, and 3D visualizations of the model’s dynamics included. Finally, in the
section 11, the findings are summarized with conclusion statement.

2. Preliminaries of fractional calculus (FC)

In this part, the basic definitions of FC is discussed as follows [7},9,/15,23.3739];

Definition 1. The Riemann-Liouville non-integer order integral of a function S(t) of order
a > 0 can be declared as follows,

1eS(t) = —— /0 (t— B)*15(8) df,

()
Definition 2. The non integer order derivative of a function S(t) of order o in the Caputo
operator is stated as follows,
dm™S
dtm

c o . 1 ¢ m—o— ams
Dy S(t) = F(m—a)/o (t—5) ldﬁ—m(ﬁ)dﬁ,

‘DSt = Iy (—)(b),

The following are the basic properties

‘D (I5:S)(4) = S(1),

IG(“DES) () = S(t) — p  —+(07) 4.

3. Definition of Genocchi wavelet

The Genocchi wavelets Y, (t) are characterized over the region [0, {;) in the following manner:

oK -1

0, otherwise,

GPm (M M —n+1), if 5y <t < 5ty

here k and M are non negative integers and R(m) is described as

R(m) = WQNQma
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here m = 1,2,...,M, n = 1,2,...,281 and GNs,, is the Genocchi number. The GP(t)
represents the Genocchi polynomials, that contain values:

GPo(t) =0,

GP1(t) =1,

GPa(t) =2t - 1,
GP3(t) = 3¢ — 3¢,
GP4(t) =48 — 62 + 1

The first few Genocchi numbers are
GNo=0, GNi1=1, GNy=-1, GN3=0, GNy=1, GN5=0, GNg=-3.
Let €, as denote the space spanned by the Genocchi wavelets T,
Qe =span{ Y11, Yo, ..., Yot Tioseoo, Torr g, o, Toror yrh € L2(0, ).

Furthermore, let us consider & be an random element in the L?(0,t;), after that T has an
distinct best approximation out of Q4 a7, > Uy € 0x ar, satisfying

V¢ € O, U — Upl| < |l — ¢

Since Uy € 0y s is the distinct element of T, 3 distinct coefficients such that

2k—1 M
U ~U() =D D AumTum(t) = ATY(Y),
n=1 m=1
where
AT — A1, )\21@_1’1, A12s-- 0, )\21@—172, RN /\Qk—l,M]‘
Additionally,
T(t) = {U171, U271, .o ,1)21@_171, V1,2« - ,1)21@_172, N ,'U2k—17M}.

The collocation points are chosen as

21

=" "¢, i=12,...,m=25"1M,
2m

we obtain the required matrix as

1.4142 1.4142 1.4142 0 0 0
0 0 0 1.4142 1.4142 1.4142

Yo —1.6330 0 1.6330 0 0 0
e 0 0 0 —1.6330 0 1.6330

—1.0758 —1.9365 —1.0758 0 0 0
0 0 0 —1.0758 —1.9365 —1.0758

Here K =2, M = 3.
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4. Genocchi wavelet operational matrix

In this section, the Genocchi wavelet operational matrix (GWOM) is obtained by using a block
pulse.

4.1. The Block Pulse

The block pulse are characterized over the region [0,¢;) as follows [22}40]

1, if it << UL
B(t) = " " (1)
0, otherwise,
where 5 =0,1,2,...,m.
(¢ By (t) = F By, (2)
where
I v P2 -+ Pma
N 0 1 P - Pmo
o __ 9 00 1 - Pag
Mol (a+2) | .. . _ ’
o o o0 - 1
and Py = (L + 1)t — L9t (£ — )%t for £=1,2,3,...,m — 1.
Now, we develop the GWOM for non integer order integration P%. Let
(IET)(4) = PHY(1). (3)
Thus, we have
P = Yo Y, o (4)

Utilizing the aforesaid facts, the GWOM P is defined for a = 0.7, M = 3, K =2, and ; = 30
as follows

[ 6.0164 11.0289  3.3603 —0.3890 —0.2541 0.1906 |

0 6.0164 0 3.3603 0 —0.2541

pa _ | 09839 04652 04666 —0.1410 41211  0.1239
6x6 0 0.9839 0 0.4666 0 4.1211
—5.5673 —10.5985 —3.6196 0.3634  0.5053 —0.1700

0 —5.5673 0 —3.6196 0 0.5053 |

5. Error and Convergence analysis

5.1. Error analysis
Theorem 1. ConsiderU(t) € CM[0,1], ATY(t) be the numerical outcomes by utilizing Genoc-

chi wavelets. Then the error bound is given as:

2
€@ < MM (8% U (). (5)
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Proof. Utilizing the characteristic of the norm, we get:

1
le@? = /0 Ut — ATT()]2dt.

Divide the range [0, 1] into 28! sub ranges:

Thus,

oK—-1

lE®I* = z_:l . U(t) — AT ()Pt

oK—1

leoPE=3" / U() — Par(6) P,

n=1 In

where Py (t) is the polynomial with degree M that interpolates U(t) on each Ip,.
By utilizing the maximum error approximates for polynomials, we have:

QICfl

2
2O < 3 [ S max U0
n—1 n . n

2
0= [ | max e a
we obtain:
€01 < 3 zarers max OV
Hence the results is proved. O

5.2. Convergence analysis

Theorem 2. If U(t) is a smooth as well as bounded function € L?[0,1), then the elaboration
of U(X) by utilizing Genocchi wavelets is converges uniformly.

Proof. Assume U(t) is a real valued bounded function specified on the region [0,1). The
coefficients associated with the Genocchi wavelets are expressed as follows:

1 — B 1
Anm = / u(t)Tnmdt - /2)C 1 U(t)Z%ing (2K_1t —n+ 1) dt.
0 ) R(m)

1
y+n— 1> k=11 -k
= | U| —F= ]2 2 —=GPn(y)2 "dy.

Replacing y = 2871 —n 4 1, we get

1 1 Vo (y+n—1
A = o LA m(y)dy.
2K=1 /R(m) Jo Z/l( 2kt >g7> W)y
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By utilizing the mean value theorem for integrals, 3 £ € [0,1) 2

1 1 E+n—
)\nm - 2/C—1 R(m) < 2]C 1 )/ gp

Let fol GPm(y)dy = B and R(m) > 0, then

1 B E+n—1
yAnm\§2,C_l\/W‘u< K1 )‘

Given that U(t) is a bounded function, it can be concluded that the series ) | Ay, is absolutely

convergent.
= U(t) is uniformly convergent. Hence, the required result is achieved.

6. Existence and uniqueness

O]

Theorem 3. The non integer order drinking behavior model ensures the existence of a unique

solution for all initial conditions that are non negative.

Proof. To establish the sufficient criteria for the existence and uniqueness of results of a non

integer order drinking behavior model in the region ¢ x (0,77, here

6 ={(S,M,R) € R® : max(|S|,| M|, |R|) < €}.

This approach is based on the methodology presented in [29]. At this stage, a map has been

obtained.

A = (Ai(z), A2(z), As()),
Ar(x) = =b(S(M(t)) — b(S(HR(Y)) + v(S(R(H)),
Az(z) = b(S()M (1)) + b(S(H)R(t)) — s(M(H)R(t)) — aM(t),
As(x) = aM (t) + s(M(HR(t)) — v(S(HR(Y)).

Vz,Z € §, with the help of above equation can be written as

[A(z) — A@)| = [A(z) — A1 (@)] + | A2(2) — A

IA(z) = A@)[| = [ = b((S = S)(M — M)) = b((S - §)(R - R))

< Aljz — z||.
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Where
A =max{-2b+v,2b—s—a,a+ s —v}.

Thus, the Lipschitz condition is fulfilled by A(x) ensuring the uniqueness of the numerical
results for the non integer order drinking behavior model. O

7. Boundedness

Theorem 4. In the system modeling drinking behavior with non integer order, every solution
remains uniformly bounded in Rﬁ_

Proof. To define the function efficiently

X = S(t) + M(t) + R(¥
6 DX (1) = §DS(4) + § DEM(1) + § DER(Y)
= —b(S(HM(t)) = b(S(HR()) + v(S(t) x R(1)),
+ (S M(E) + (S R(Y) — s(M()R(t)) — aM(¥),
+aM(t) + s(M()R(Y)) — v(S(OR(Y)).

Let us consider a non negative integer aq such that

6 DEX (1) + apX = —b(S(HM (1) — b(S(HR(V) + v(S(HR(Y))
+0(S(M(1) + b(S(HR
—aM(t) + M( )+ s(M
+ apS(t) + apM(t) + agR(t).

:S()(—b ()—bR(t)+vR(t)+bM()+bR(t) ()+a0)

+ M(t)(— bS(t) + bR(t) + bS(t) — SR( )+ sR(t) + ao)
R(t)(— bS(t) + VS(t) + bS(t) — sM(t) + sM(t) — vS(t) + ap).

(

< S(t)( —bM(t) — bR(t) + vR(t) + bM( ) + bR(t) — vR(t) + ag).
Suppose,
F(x) = S(t)ap, then the max of F(z)atS = QL’
ap
leads to

1
C na
DXt 4+ akt < —.
Ot() G 4%

Assume the initial condition X' (0) = Xp, then the above equation can be resolved as follows [26]

1 t
X() < XoFoa(—aot®) + —— / (t— 5)° B o — ao(t — 5)°ds,
0

4a0
1t 2 —ak(t—s)k
= XoF, o —apt® — t—g)o ! 0 g
0 7( Q@ )+4 2/( 8) I;) F(kﬁO[‘f‘O{) S,

1 & ok [t
=X Eqo(—apt) + —5 0/ t — s)¥Fra—lgg,
0 a,a( 0 ) 40% kZ:O F(ka—i—a) 0 ( )

1
= Xoana(*Oéota) + jtaEOl’OH,l(*aota).

4oy

After that we calculate E, o(—apt®) as follows [8]

Transactions on Mathematical Sciences and Computational Engineering 11
Vol. 1, Issue 1 (2026) 58-95



1 1 1
M(—a) T(—ad)2a %

— 0 as t — oo,

Eqo(—opt”) = —

),

_ 313
aota

furthermore, we calculate the value of t*E, o+1(—aot®) as follows:

1 1 1
t°F, —aot?) = — — ),
aa+i(=aot?) ag  T(1—a(—a?)te) +O((—ag)t3a)

now, the resulting equation becomes,

1
X(t) < —.
()_4(18

As a result, all outcomes of the arbitrary order model in Ri are confined to this region,

1
X:{(S,M,R)ERi:D:FJr@,GzO}.
Qo

8. Drinking model by using Genocchi wavelet

The drinking dynamical model of arbitrary order formulated in the Caputo sense and solved
using the Genocchi wavelet method. Here, the parameters are a=0.03, s=0.07, b=0.07, v=0.10
and the model is presented as follows:

‘DFS(t) = 617 (1),
cDIM(t) = O3 (1),
*DIR(t) = O3 (1).

Here,
O1 = [01,02,...,04],

@2 == [0m+17 01”?L+27 LU 7927?1]7
O3 = [Bomt1, O2imt2, - - - O30m1)-

are the unknown vectors for the equations. Now, with the help of fractional integral operator
and the initial condition we obtained

I §DYS(E) = S(1) — S(0) = ©:P Y (1),

I G DEM(t) = M(t) — M(0) = ©2PY (1),
I8 §DER(Y) = R(t) — R(0) = O3P2Y ().
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By using the above equations the fractional order drinking model can be rewritten like

O17(t) = —b(@1 P T(0) + T) x (©:P°T(1) +7) —b(O:PT (1) + T) x (©5PT(1) + £)
—l—v(@lPO‘T(t )+ 7) x (@377an +ﬁ>

0:7() = b(@1PT() + T) x (©2PT() +.7) + (1P () +T) x (€5P T (1) + &)
—5(€2P 1 (1) + 7) x (0P T(t) + §) — a(©:2P°T () + 7).

a(©:2P°0 (1) + 7 ) +5(0:P T () + T ) x (0P 1 (1) + §)

—v(@ﬂDO‘T( ) + ) X (G)gPaT( ) +§).

O3Y(t)

By applying the collocation points, we get

O17(6) = ~b(O1PY(t) + T) x (O2P°T(1) +.7) = b(OPT (1) + T) x (O5P°Y(t) + £)

+v (@ﬂDaT(tl) + I) (@3PQT(’Q) + ﬁ),

©2T(6) = b(@1PT(t) +T) x (€2P°Y(t) +.7) +b(€1PT(4) +T) x (O5P° (1) + &)
—5(@:P* (1) +.7) x (05PT (1) + 8) — a(@:P°N(6) + 7),

05T () = a(O:P T (6) + 7 ) +5(O:P°T () + 7 ) x (052 T (k) + R)
- v(@mar(u) + ) x (@3770‘T(ti) + ﬁ).

By addressing the given set of algebraic equations using MATLAB, we will obtain the solutions
for 3/ number of unknowns.

9. Adams Bashforth Moulton Technique

In this subsection, we will apply ABM technique to solve the drinking behavior dynamical
model of arbitrary order as follows [12,|13]

ba
Sm1 =1+ m( — b(tmya) S 1 M1 — bltmya) S Ry + U(fm+1)55+1RZ+1>
h*
———— Y Ay —b(t My —b(t t ,
+ (o £2) ngo J, +1( (t))SyMy —b(t;)S Ry + v( J)SJRJ>
ha
My =T+ T(a+2) (b(tm+l)sm+1M 41t b(ferl)SZZHRZ;H
- S(fm+1)M£+1RZ+1 - a(tm-i-l)Mngl)
<
7§Am b(t))SyMy+b(ty;)SyRy — s(t;)) MRy — a(ty;)My),
+P(a+2)J:0 J, +1((J) JMj+0b(t;)SyRy — s(ty)) MRy — a(ty) J)
ha
Ry =R+ Tat2) (a(fmﬂ)MﬁH + 5(tma) My R
- U(fm+1)5r72+1R2+1)
hO[
_— A M M —
+ T(a+2) JEO Jm+1< (ty) My +s(ty))MsRy U(’EJ)SJRJ>
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Where,

1 m
Smy1 =T+ (o) Z Bjm+1 ( —b(t;)SyMy —b(t;)S;R; + v(fJ)SJRJ>,
J=0

1 m
Mpp1 =T + (o) > Bimi (b(tJ)SJMJ +b(ty)SsRy — s(t)) MRy — a(fJ)MJ>,
J=0
1 m
= — B M M — .
Rypt1 =R+ F(a) g Jm+1 (CL(’LJ) g+ S(tj) Ry 1)(’(J)SJRJ>
AJo,m+1 ==

—(m —a) x (m+1) +mtLif Jy =0,

—(=(m = Jo)*t  +2(m — Jo+ 1)) + (m — Jo+2)2TLif 1 < Jyg < m,
Lif Jo=m + 1.

«

Buymir = %(—(m ) 4 (m—Jo+ 1)), 0< Jop < m.

10. Numerical discussion

Fig. [lfillustrates the behavior of the susceptible population (S) over time, showing a steady
decline as individuals transition to moderate or risk drinking categories due to interactions
and probabilities of influence. Fig. [2 represents the moderate drinkers (M) population, which
initially rises as susceptible individuals join the category and then gradually declines as mod-
erate drinkers transition to risk drinkers or quit drinking. Fig. |3| shows the risk drinkers (R)
population, which displays a consistent increase over time and reflecting the accumulation of
individuals transitioning from moderate drinking due to stress, depression or influence from
other risk drinkers. Fig. [4] compares the behavior of the S for varying non integer orders o and
demonstrating smoother transitions and memory effects at different o values that highlighting
how fractional order influences system dynamics. In Fig. [5| the M is analyzed under various
« values, showing more gradual transitions for lower «, emphasizing the long-term memory
effect. Fig. [6] examines the behavior of R under different « values, where higher fractional or-
ders result in steeper transitions and quicker stabilization of the risk drinker population. Fig.
[T provides a 3D representation of S population dynamics, showcasing the influence of time and
fractional order, with a non-linear decrease in the susceptible category. Fig. [8] presents a 3D
plot of M, illustrating the combined effect of time and fractional order, showing growth and
eventual decline depending on «. Fig. [9] depicts the 3D dynamics of R, demonstrating a con-
sistent rise across time and fractional orders, with the influence of « evident in the slope and
stabilization behavior. Figs. and [I12] compare the system categories as SM, MR, RP at
a = 0.98 respectively. Fig. shows the system behavior at o = 1, representing integer-order
dynamics with sharp transitions among categories. In Fig. mentions the susceptible and
moderate for @« = 0.9. Fig. validates the model results for a = 0.9, showing responses
in moderate and risk drinkers. Fig. summarizes the results at a = 0.9, confirming risk
drinkers to susceptible. At o« = 1.0, Fig. highlights faster transitions and sharper behavior
of S and M. Fig. corroborates the classical approach for o = 1.0, for M and R. Fig.
summarizes the results for & = 1.0, for R and P highlighting the limitations of integer-order
modeling in representing smooth and realistic dynamics. Fig. provides an error analysis
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for the S, demonstrating the accuracy of the Genocchi wavelet method with minimal errors
across time. Fig. confirms the reliability of the proposed method through error analysis
for Moderate drinkers M, with consistently low errors showcasing the method?s precision. Fi-
nally, Fig. presents the error analysis for Risk drinkers R, indicating high accuracy and
validating the method’s applicability for non-linear systems modeling. Fig. 23] showcases the
comparison of the susceptible drinkers population by utilizing GWM and ABM. Both methods
produce similar results, indicating a close agreement between GWM and ABM in modeling
the dynamics of the susceptible drinkers population. Fig. shows the comparison of the
moderate drinkers population by utilizing GWM and ABM. This also shows a similar out-
comes. Fig. illustrates the comparison of the risk drinkers population by utilizing GWM
and ABM. This also produces a same results. Fig. compares three methods for solving
S(t) over time t. The BW and ABM methods closely align and the previous method deviates
slightly particularly in the mid-range values of t. Fig. shows the results of three methods
for solving M (t). The BW, and the ABM, closely align but the previous method deviates
when going to the peak. Fig. presents a comparison of three methods BW, ABM and a
previous method for solving R(t) over time ¢. The BW and ABM methods closely align and
shows higher accuracy compared to the previous method which deviates significantly. Figs.
are 3D plots that illustrate the variation of the functions with respect to t and different
ranges of a. The surface shows a influence of o on the function’s behavior. The values repre-
sent computed results of a model, likely showing how the error values varies with changes in
Q. shows that the model output closely aligns with the real data on alcohol consumption
in Brunei (2000-2020), especially for o = 0.995. The x-axis values are scaled using a factor of
0.105, such that the time domain [0, 200] corresponds to the years 2000-2020. Table and
[4 mention the absolute error values of the S, M, and R respectively by utilizing GWM and
ABM. Tables mention the absolute error values of the S, M, and R respectively by utilizing
GWM and ABM for different values of a. These table presents numerical results for different
values of ¢t and fractional order o ranging from 0.7 to 1. Now, GW has slightly more accurate
results (with lower absolute error) compared to ABM in the table (8l In Table |§| GW has lower
AE in 9 out of 11 cases. In Table [10], the GW method clearly provides better accuracy than
ABM at every single time value.
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Figure 1: Behavior of susceptible population.
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Figure 2: Behavior of moderate population.
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Figure 4: Behavior of susceptible population at various « values at 192.
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Figure 5: Behavior of moderate population at various « values at m = 192.
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Figure 6: Behavior of risk population at various a values at 192.

Figure 7: 3D Representation of susceptible population.
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Figure 8: 3D Representation of moderate population.

Figure 9: 3D Representation of risk population.

Transactions on Mathematical Sciences and Computational Engineering 19
Vol. 1, Issue 1 (2026) 58-95



S(t)
09 F M) |
R(t)

0.7 1 i

0.6 4

0.4 -

0.2

0.1

0 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
t

Figure 10: System Behavior at o = 1.
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Figure 11: SM at o = 0.8.
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Figure 12: MR at a = 0.8.
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Figure 13: RS at « = 0.8.
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Figure 14: SM for o = 0.9.
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Figure 15: Model Results (MR) for o = 0.9.
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Figure 16: RS for o = 0.9.
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Figure 17: SM for a = 1.
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Figure 18: MR for oo = 1.
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Figure 19: RS for a = 1.
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Figure 20: Absolute error values for S(t).
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Figure 21: Absolute error values for M(t).
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Figure 22: Absolute error values for R(t).
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Figure 23: Comparison of susceptible drinkers population by using GWM and ABM
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Figure 24: Comparison of moderate drinkers population by using GWM and ABM.
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Figure 25: Comparison of risk drinkers population by using GWM and ABM.
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Figure 26: Comparison of GW, ABM, and previous methods for S(¢).
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Figure 27: Comparison of GW, ABM, and previous methods for M (t).
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Figure 28: Comparison of GW, ABM, and previous methods for R(t).
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Figure 29: Different ranges of « for S(t) in 3D.
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Figure 32: Real data vs o = 0.98.
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Figure 33: Real data vs a = 0.985.
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Figure 34: Real data vs o = 0.99.

Figure 36: The drinking population at different fractional orders along with real data.

Table 2: Comparison of ABM, GW, and Absolute Error for given t values.
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Figure 35: Real data vs o = 0.995.

Table 1: Model parameter values

Parameter | Value
b 0.07
S 0.07
v 0.10
a 0.03

t

ABM

GW

Absolute Error

0.2
1.3
2.3
3.3
4.4
5.4

0.989728197189743
0.988622396381879
0.987481711962011
0.986301896452239
0.985078143881175
0.983805680373291

0.979730233368269
0.978635907243232
0.977508166634674
0.976342462252051
0.975134341240092
0.973879419789057

9.998 x 10—
9.9865 x 1073
9.9735 x 1073
9.9594 x 103
9.9438 x 103
9.9263 x 1073
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Table 3: Comparison of ABM, GW, and Absolute Error for various t values.

t ABM GW Absolute Error
0.2 | 0.0151554164102500 | 0.0151542881504388 | 1.1283 x 106
1.3 | 0.0158124578356750 | 0.0157995183949071 | 1.2939 x 10~°
2.3 | 0.0165272668972457 | 0.0165011080272182 | 2.6159 x 10~°
3.3 | 0.0173001675262914 | 0.0172595817150001 | 4.0586 x 10~
4.4 1 0.0181321674525307 | 0.0180757325404941 | 5.6435 x 107°
5.4 | 0.0190245796024014 | 0.0189506043015756 | 7.3975 x 10~°

Table 4: Comparison of ABM, GW, and Absolute Error for different t values.

t ABM GW Absolute Error
0.2 | 0.000116386400006766 | 0.000115478481292510 | 9.0792 x 10~
1.3 | 0.000565145782445893 | 0.000564574361861450 | 5.7142 x 10~7
2.3 [ 0.000991021140743874 | 0.000990725338107595 | 2.9580 x 10~
3.3 | 0.00139793602147010 0.00139795603294858 2.0011 x 1078
4.4 | 0.00178968866629435 | 0.00178992621941413 | 2.3755 x 107
5.4 | 0.00216974002430809 | 0.00216997590936704 | 2.3589 x 10~

Table 5: Absolute error of S(t) for different values of «.

t

a=0.7

a=0.8

a=0.9

a=1

0.2604
20.0521
40.3646
60.1563
80.4688

100.2604
120.0521
140.3646
160.1563
180.4688
199.7396

1.8642 x 107°
7.4604 x 1077
1.7597 x 1076
3.4797 x 1076
6.0823 x 106
9.1756 x 106
1.3162 x 10~°
1.7700 x 107°
2.1950 x 107°
2.5233 x 107°
2.7399 x 1075

1.1366 x 107°
1.3303 x 1076
2.8893 x 106
5.6823 x 1076
9.6706 x 10~6
1.2904 x 10~°
1.5341 x 107°
1.5509 x 10~°
1.3349 x 107°
9.5201 x 106
6.3780 x 1076

4.8161 x 1076
2.9248 x 1076
6.9831 x 106
1.3260 x 10~°
1.8062 x 10~°
1.5206 x 107°
1.0190 x 10~°
5.9816 x 106
3.4958 x 106
1.9094 x 1076
1.1418 x 1076

9.9980 x 1073
9.4149 x 1073
7.0076 x 1073
1.6849 x 1073
3.5909 x 1073
4.0685 x 1073
1.9185 x 1073
2.1422 x 1074
1.5246 x 1073
2.1327 x 1073
2.2354 x 1073

Table 6: Absolute error of M (t) for different values of a.

t

a=0.7

a=0.8

a=20.9

a=1

0.2604
20.0521
40.3646
60.1563
80.4688
100.2604
120.0521
140.3646
160.1563
180.4688
199.7396

5.0089 x 103
4.9995 x 1073
4.9988 x 1073
4.9974 x 1073
4.9954 x 1073
4.9930 x 1073
4.9901 x 1073
4.9869 x 1073
4.9842 x 1073
4.9826 x 1073
4.9822 x 1073

5.0049 x 103
4.9990 x 1073
4.9978 x 1073
4.9956 x 1073
4.9927 x 1073
4.9907 x 1073
4.9900 x 1073
4.9915 x 1073
4.9948 x 1073
4.9985 x 1073
5.0010 x 1073

5.0013 x 1073
4.9977 x 1073
4.9945 x 1073
4.9900 x 1073
4.9880 x 1073
4.9928 x 1073
4.9985 x 1073
5.0017 x 1073
5.0024 x 1073
5.0020 x 103
5.0017 x 1073

1.1283 x 1076
5.4888 x 104
2.6012 x 1073
6.5646 x 1073
8.2641 x 1073
3.9999 x 1073
8.4866 x 107°
4.2829 x 10~*
8.0345 x 10~*
1.9206 x 1073
2.5110 x 1073
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Table 7: Absolute error of R(t) for different values of a.

t a=0.7 a=0..8 a=0.9 a=1
0.2604 | 9.71 x 1079 | 6.52x 107% [ 3.53 x 1076 | 9.08 x 10~ 7
20.0521 | 2.48 x 1077 | 3.03 x 1077 | 5.76 x 107 | 3.63 x 10~°
40.3646 | 519 x 1077 | 6.54 x 1077 | 1.46 x 1076 | 3.91 x 10~*
60.1563 | 8.99 x 1077 | 1.28 x 1076 | 3.26 x 1076 | 1.75 x 1073
80.4688 | 1.47 x 1076 | 2.35 x 1076 | 6.09 x 1076 | 5.33 x 1073
100.2604 | 2.19 x 107 | 3.65 x 1076 | 8.04 x 107 | 1.01 x 1072
120.0521 | 3.22 x 1076 | 533 x 1076 | 8.73 x 1076 | 1.20 x 102
140.3646 | 4.57 x 107% | 7.03 x 1076 | 7.72 x 107 | 1.02 x 1072
160.1563 | 6.14 x 1079 | 8.13 x 1076 | 5.93 x 1076 | 7.67 x 1073
180.4688 | 7.84 x 1076 | 8.03 x 1076 | 3.92 x 107 | 5.95 x 1073
199.7396 | 9.56 x 1076 | 7.34 x 1076 | 2.81 x 1076 | 5.25 x 1073
Table 8: Comparison of solutions of S(¢) with different methods
t S (GW) S (ABM) S [10] AE (GW vs [10]) | AE (ABM vs [10]) |
0.2 | 0.979730233368 | 0.979735311571 | 0.997830802603 1.81006 x 1072 1.80955 x 10’2%
20 0.948937883752 | 0.948937381171 | 0.947939262472 9.98621 x 10~* 9.98119 x 10~*
40 0.869902693252 | 0.869906393148 | 0.869848156182 5.45371 x 107° 5.82370 x 107°
60 0.724336509920 | 0.724343308209 | 0.724511930585 1.75421 x 10~*4 1.68622 x 10~4
80 0.521016536635 | 0.521019887382 | 0.520607375271 4.09161 x 1074 4.12512 x 1074
100 | 0.362976971212 | 0.362947961303 | 0.362255965292 7.21006 x 10~* 6.91996 x 104
120 | 0.283229654505 | 0.283240446663 | 0.284164859002 9.35204 x 10~* 9.24412 x 107%
140 | 0.257407804280 | 0.257405607492 | 0.258134490238 7.26686 x 1074 7.28883 x 107*
160 | 0.257558345048 | 0.257558007586 | 0.258134490238 5.76145 x 10~* 5.76483 x 10~*
180 | 0.265303060988 | 0.265306393223 | 0.264642082429 6.60979 x 1074 6.64311 x 1074
199 | 0.272545349721 | 0.272546677645 | 0.271149674620 1.39568 x 1073 1.39700 x 1073
Table 9: Comparison of solutions of M (¢) with different methods
t M (GW) M (ABM) M |10 AE (GW vs [10]) | AE (ABM vs [10]) |
0.2 | 0.01515428815 | 0.02201587289 | 0.01515151515 2.7730 x 107° 6.8644 x 1072 T
20 0.03843509705 | 0.04661844603 | 0.03896103896 5.2594 x 107* 7.6574 x 1073
40 0.10177721823 | 0.10989011035 | 0.10173160173 45617 x 107° 8.1585 x 1073
60 0.21040320530 | 0.21813332271 | 0.21861471861 8.2115 x 1073 4.8139 x 107*
80 0.32869022662 | 0.33548285619 | 0.32900432900 3.1410 x 10~* 6.4785 x 1072
100 | 0.35348905142 | 0.35860129237 | 0.35930735930 5.8183 x 1072 7.0607 x 1074
120 | 0.29737834028 | 0.30025380777 | 0.29437229437 3.0060 x 1073 5.8815 x 1072
140 | 0.23799903178 | 0.23617358424 | 0.23809523809 9.6206 x 107° 1.9217 x 1073
160 | 0.20956539490 | 0.21459503399 | 0.20995670995 3.9132 x 10~* 4.6383 x 1073
180 | 0.20307045989 | 0.20516909931 | 0.20346320346 3.9274 x 107* 1.7059 x 1073
199 | 0.20522076986 | 0.20640243581 | 0.20562770562 4.0694 x 10~ 77473 x 1074
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Table 10: Comparison of solutions of R(t) with different methods
t R (GW) R (ABM) R [10] AE (GW vs [10]) | AE (ABM vs |10])
0.2 | 0.000115478481 | 0.003248815531 0 1.154785 x 10~ 3.248816 x 1073
20 | 0.007627019191 | 0.009444172790 | 0.010822511000 | 7.627019 x 10~3 9.444173 x 1073
40 | 0.023320088510 | 0.025203496499 | 0.023809524000 | 2.332009 x 1072 2.520350 x 1072
60 | 0.060260284778 | 0.062523369077 | 0.060606061000 | 6.026028 x 102 6.252337 x 1072
80 | 0.145293236743 | 0.148497256419 | 0.145021645000 | 1.452932 x 10~* 1.484973 x 10~ *
100 | 0.278533977364 | 0.283450746321 | 0.277056277000 | 2.785340 x 107! 2.834507 x 107*
120 | 0.414392005206 | 0.421505745563 | 0.415584416000 | 4.143920 x 10~* 4.215057 x 107*
140 | 0.499593163934 | 0.511420808267 | 0.497835498000 | 4.995932 x 10! 5.114208 x 107*
160 | 0.527876260048 | 0.532846958416 | 0.528138528000 | 5.278763 x 107! 5.328470 x 1071
180 | 0.526626479114 | 0.534524507456 | 0.528138528000 | 5.266265 x 107! 5.345245 x 1071
199 | 0.517233880416 | 0.526050886543 | 0.521645022000 | 5.172339 x 107! 5.260509 x 107!
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11. Conclusion

In this study, the dynamics of drinking behavior in a population were productively modeled
and analyzed through a set of non linear mathematical equations using the Genocchi wavelet
technique. Solid accuracy was demonstrated by the method and it is verified through theoreti-
cal analyses such as error bounds, convergence, existence, uniqueness, and boundedness of the
solutions. A comparative assessment with the ABM technique is further extended to include
the previous method that shows the efficiency of the Genocchi wavelet approach. Addition-
ally, three-dimensional graphical representations were provided for varying fractional orders
and including new visualizations covering different ranges of . The 3D plot lies between
theranges 0 < a <1, 1 < a <2 2 < a <3, 3 < a< 4 Theerror analyses are also
mentioned for each components with different values of a. In M (t) and R(t) when the order
increase, the error is reducing. Overall, while both methods perform reasonably well the GW
method demonstrates superior or equivalent accuracy across all three components. Superior
accuracy is demonstrated by the proposed GW method, with consistently lower absolute error
values obtained when compared to previously published methods and improved or compara-
ble performance observed relative to the ABM scheme, thereby confirming its effectiveness
and reliability. Also, the fractional-order model accurately captures the real data trend, with
higher « values improving the approximation. The framework established in this study can be
extended to analyze more complex models involving multi-dimensional and stochastic systems.
Future research may focus on the application of the Genocchi wavelet method to other be-
havioral models or systems in epidemiology, economics, and ecology to evaluate its versatility
and scalability.
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